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Abstract
In this paper, we discuss the existence of the positive time periodic mild solutions for
the evolution equation in an ordered Banach space E, u′(t) + Au(t) = f (t,u(t)), t ∈R,
where A : D(A)⊂ E → E is a closed linear operator and –A generates a positive
compact semigroup T (t) (t ≥ 0) in E, the nonlinear function f :R× E → E is
continuous and f (t, x) is ω-periodic in t. We apply the operator semigroup theory and
the Leray-Schauder ﬁxed point theorem to obtain the existence of a positive
ω-periodic mild solution under the condition that the nonlinear function satisﬁes a
linear growth condition concerning the growth exponent of the semigroup T (t)
(t ≥ 0). In the end, an example is given to illustrate the applicability of our abstract
results.
MSC: 34K30; 47H07; 47H08
Keywords: abstract evolution equation; positive periodic mild solutions; positive
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1 Introduction
Let E be an ordered Banach space, whose positive cone K is normal cone with normal
constantN . In this paper, we discuss the existence of positive time periodic mild solutions
for the evolution equation in the ordered Banach space E




, t ∈R, (.)
where A : D(A) ⊂ E → E is a closed linear operator and –A generates a positive compact
semigroup T(t) (t ≥ ) in E, the nonlinear mapping f :R× E → E is continuous, and, for
every x ∈ E, f (t,x) is ω-periodic in t.
It is well known that a variety of partial diﬀerential equations with time t, such as the
reaction-diﬀusion equation, the heat equation, the wave equation, the telegraph equation
and so on, can be classiﬁed as a nonlinear evolution equation (.) in some Banach space E.
In the nonlinear evolution equation (.), A corresponds to the linear partial diﬀerential
operator with certain boundary conditions, f corresponds to the nonlinear term.
It is noteworthy at this point that the problem concerning periodic solutions of partial
diﬀerential equations has become an important area of investigation in recent years. Spe-
cially, the periodic problems of abstract evolution equations in the form of (.) have been
considered by several authors; see [–].
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In [], the existence and uniqueness for the periodic boundary value problem of the
semilinear evolution equation in a Hilbert space H ,
{
u′(t) +Au(t) = f (t,u(t)),  < t < ω,
u() = u(ω),
was studied, whereA :D(A)⊂H →H is a positive deﬁnite self-adjoint operator andA has
compact resolvent. The author presented some spectral conditions for the nonlinearity
f (t,x) to guarantee the existence and uniqueness by applying the Schauder ﬁxed point
theorem and the contraction mapping principle. Specially, in [], the author established
the existence and uniqueness results of periodic solutions for the linear evolution equation
corresponding to (.) and accurately estimated the spectral radius of periodic resolvent
operator.With the aid of the estimation, under the assumption that the nonlinearity f (t,x)
satisﬁes some ordered conditions concerning the growth exponent of the semigroup T(t)
(t ≥ ), the existence and uniqueness results of periodic mild solutions were obtained by
applying the operator semigroup theorem and monotone iterative method.
Since in many practice models, only positive periodic solutions are signiﬁcant, moti-
vated by the papers mentioned above, we research the existence of positive ω-periodic
mild solutions for (.) in the positive cone K . In this paper, we will use a completely dif-
ferent method to prove the existence of positive ω-periodic mild solutions for (.) under
some new conditions by applying the Leray-Schauder ﬁxed point theorem in an ordered
Banach space E. More precisely, the nonlinear term satisﬁes a linear growth condition
concerning the growth exponent of the semigroup T(t) (t ≥ ) or the ﬁrst eigenvalue of
the operator A.
For the C-semigroup T(t) (t ≥ ), there existM >  and γ ∈R such that (see [])
∥∥T(t)




γ ∈R | there existsM >  such that ∥∥T(t)∥∥ ≤Meγ t ,∀t ≥ },
then ν is called the growth exponent of the semigroup T(t) (t ≥ ). Furthermore, ν can
also be obtained by the following formula:




If C-semigroup T(t) is continuous in the uniform operator topology for every t >  in E,
it is well known that ν can also be determined by σ (A) (see [])
ν = – inf
{
Reλ | λ ∈ σ (A)}, (.)
where –A is the inﬁnitesimal generator of the C-semigroup T(t) (t ≥ ). We know that
T(t) (t ≥ ) is continuous in the uniform operator topology for t >  if T(t) (t ≥ ) is a
compact semigroup (see []).
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Our main results are as follows:
Theorem . Let E be an ordered Banach space, whose positive cone K is a normal cone,
A : D(A) ⊂ E → E be a closed linear operator, and –A generate an exponentially stable
positive compact semigroup T(t) (t ≥ ) in E, that is, ν < . Assume that f :R×K → K is
continuous and f (t,x) is ω-periodic in t. If the following condition is satisﬁed:
(H) there is a constant c ∈ (, |ν|) and a function h ∈ Cω(R,K) such that
f (t,x)≤ cx + h(t), t ∈R,x ∈ K ,
then (.) has at least one positive ω-periodic mild solution u.
Theorem . Let E be an ordered Banach space, whose positive cone K is a normal cone,
A : D(A) ⊂ E → E be a closed linear operator, and –A generate an exponentially stable
positive compact semigroup T(t) (t ≥ ) in E. Assume that f : R × K → K is continuous
and f (t,x) is ω-periodic in t. If the following condition is satisﬁed:
(H) there is a constant c ∈ (, |ν|) such that for x, y ∈ K with y≤ x,
f (t,x) – f (t, y)≤ c(x – y), t ∈R,
then (.) has a unique positive ω-periodic mild solution u.
Furthermore, we assume that the positive cone K is a regeneration cone. By the charac-
teristic of positive semigroups (see []), for suﬃciently large λ > – inf{Reλ | λ ∈ σ (A)},
we see that λI + A has a positive bounded inverse operator (λI + A)–. Since σ (A) = ∅,
the spectral radius r((λI + A)–) = dist(–λ,σ (A)) > . By the famous Krein-Rutmann theo-
rem, A has the ﬁrst eigenvalue λ, which has a positive eigenfunction e, and
λ = inf
{
Reλ | λ ∈ σ (A)}, (.)
that is, ν = –λ. Hence, by Theorem . and Theorem ., we have the following.
Corollary . Let E be an ordered Banach space, whose positive cone K is a normal regen-
eration cone. –A generates an exponentially stable positive compact semigroup T(t) (t ≥ )
in E. Assume that f :R×K → K is continuous and f (t,x) is ω-periodic in t. If the following
condition is satisﬁed:
(H)′ there is a constant c ∈ (,λ) and a function h ∈ Cω(R,K) such that
f (t,x)≤ cx + h(t), t ∈R,x ∈ K ,
then (.) has at least one positive ω-periodic mild solution u.
Corollary . Let E be an ordered Banach space,whose positive cone K is a normal regen-
eration cone. –A generates an exponentially stable positive compact semigroup T(t) (t ≥ )
in E. Assume that f :R×K → K is continuous and f (t,x) is ω-periodic in t. If the following
condition is satisﬁed:
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(H)′ there is a constant c ∈ (,λ) such that for x, y ∈ K with y≤ x,
f (t,x) – f (t, y)≤ c(x – y), t ∈R,
then (.) has a unique positive ω-periodic mild solution u.
Remark . In Corollary . and Corollary ., since λ is the ﬁrst eigenvalue of A, the
condition c < λ in (H)′ and (H)′ cannot be extended to c≤ λ. Otherwise, (.) does not
always have a mild solution. For example, f (t,x) = λx.
The paper is organized as follows. Section  provides the deﬁnitions and preliminary
results to be used in theorems stated and proved in the paper. In Section , we apply the
operator semigroup theory and the Leray-Schauder ﬁxed point theorem to prove Theo-
rem . and Theorem .. In the last section, we give an example to illustrate the applica-
bility of the abstract results.
2 Preliminaries
In this section, we introduce some notions, deﬁnitions, and preliminary facts which are
used through this paper.
Let J denote the inﬁnite interval [,+∞) and h : J → E, consider the initial value problem
of the linear evolution equation
{
u′(t) +Au(t) = h(t), t ∈ J ,
u() = x.
(.)
It is well known [], Chapter , Theorem ., when x ∈D(A) and h ∈ C(J ,E), the initial
value problem (.) has a unique classical solution u ∈ C(J ,E)∩C(J ,E) expressed by
u(t) = T(t)x +
∫ t

T(t – s)h(s)ds, (.)
where E =D(A) is Banach space with the graph norm ‖ · ‖ = ‖ · ‖ + ‖A · ‖. Generally, for
x ∈ E and h ∈ C(J ,E), the function u given by (.) belongs to C(J ,E) and it is called a
mild solution of the linear evolution equation (.).
Let Cω(R,E) denote the Banach space {u ∈ C(R,E) | u(t +ω) = u(t), t ∈R} endowed with
themaximumnorm ‖u‖C = maxt∈[,ω] ‖u(t)‖. Evidently,Cω(R,E) is also an orderedBanach
space with the partial order ‘≤’ induced by the positive cone KC = {u ∈ Cω(R,E) | u(t) ≥
θ , t ∈R} and KC is also normal with the normal constant N .
Given h ∈ Cω(R,E), for the following linear evolution equation corresponding to (.):
u′(t) +Au(t) = h(t), t ∈R, (.)
we have the following result.
Lemma . ([]) If –A generates an exponentially stable positive C-semigroup T(t) (t ≥
) in E, then for h ∈ Cω(R,E), for the linear evolution equation (.) there exists a unique
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T(t – s)h(s)ds := (Ph)(t), (.)
and the solution operator P : Cω(R,E) → Cω(R,E) is a positive bounded linear operator
with the spectral radius r(P)≤ |ν| .
Proof For any ν ∈ (, |ν|), there existsM >  such that
∥∥T(t)
∥∥ ≤Me–νt ≤M, t ≥ . (.)





then ‖x‖ ≤ |x| ≤ M‖x‖. By |T(t)| we denote the norm of T(t) in (E, | · |), then for t ≥ , it







and its norm satisﬁes
∣∣(I – T(ω)
)–∣∣ ≤  – |T(ω)| ≤









T(t – s)h(s)ds := Bh, (.)
then the mild solution u(t) of the linear initial value problem (.) given by (.) satisﬁes
the periodic boundary condition u() = u(ω) = x. For t ∈ R+, by (.) and the properties
of the semigroup T(t) (t ≥ ), we have
u(t +ω) = T(t +ω)u() +
∫ t+ω
















T(t – s)h(s)ds = u(t).
Therefore, theω-periodic extension of u onR is a uniqueω-periodicmild solution of (.).
By (.) and (.), the ω-periodic mild solution can be expressed by










T(t – s)h(s)ds := (Ph)(t). (.)
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Evidently, by the positivity of the semigroup T(t) (t ≥ ), we can see that P : Cω(R,E) →
Cω(R,E) is a positive bounded linear operator. By (.) and (.), we have
∣∣(Ph)(t)











which implies that |P| ≤ 
ν
. Therefore, r(P) ≤ |P| ≤ 
ν
. Hence, by the arbitrariness of ν ∈
(, |ν|), we have r(P)≤ |ν| . This completes the proof of Lemma .. 
In the proof of our main results, we need the following ﬁxed point theorem.
Lemma. (Leray-Schauder ﬁxed point theorem []) Let be a convex subset of Banach
space E with θ ∈ ,and letQ : →  be a compact operator. If the set {u ∈  | u = ηQu,  <
η < } is bounded, then Q has a ﬁxed point in .
3 Proof of themain results
Proof of Theorem . Evidently, the normal coneKC is a convex subset of the Banach space
Cω(R,E) and θ ∈ KC . Consider the operator Q deﬁned by
Qu = (P ◦ F)(u), (.)
where
F(u) := f
(·,u(·)), u ∈ KC . (.)
From the positivity of semigroup of T(t) (t ≥ ) and the conditions of Theorem ., it is











ds, t ∈R. (.)
By the deﬁnition of P, the positiveω-periodicmild solution of (.) is equivalent to the ﬁxed
point of the operatorQ. In the following, we will proveQ has a ﬁxed point by applying the
famous Leray-Schauder ﬁxed point theorem.
At ﬁrst, we prove that Q is continuous on KC . To this end, let {um} ⊂ KC be a sequence
such that um → u ∈ KC as m → ∞, so for every t ∈ R, limm→∞ um(t) = u(t). Since f :




) → f (t,u(t)), m→ ∞. (.)
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where C = ‖(I – T(ω))–‖. Therefore, we can conclude that
‖Qum –Qu‖ → , m→ ∞. (.)
Thus, Q : KC → KC is continuous.
Subsequently, we show that Q maps every bounded set in KC into a bounded set. For
any R > , let
R :=
{
u ∈ KC | ‖u‖C ≤ R
}
. (.)



































≤ CMMω := R.
Therefore, Q(R) is bounded.
Next, we demonstrate thatQ(R) is equicontinuous. For every u ∈ R, by the periodicity




























































:= I + I + I,






































It is clear that
∥∥Qu(t) –Qu(t)
∥∥ ≤ ‖I‖ + ‖I‖ + ‖I‖. (.)
Now, we only need to check that the ‖Ii‖ tend to  independently of u ∈ R when
t – t → , i = , , . From the deﬁnition of the Ii, we can easily see
‖I‖ ≤ C ·
∫ t
t–ω
∥∥(T(t – s) – T(t – s)




∥∥(T(t – s) – T(t – s)
)∥∥ds
→ , as t – t → ,





)∥∥ · ∥∥f (s,u(s))∥∥ds
≤ CMM(t – t)
→ , as t – t → ,




)∥∥ · ∥∥f (s,u(s))∥∥ds
≤ CMM(t – t)ds
→ , as t – t → .
As a result, ‖Qu(t) – Qu(t)‖ tends to  independently of u ∈ R as t – t → , which
means that Q(R) is equicontinuous.
Now, we prove that (QR)(t) is relatively compact in K for all t ∈ R. To this end, we
deﬁne a set (QεR)(t) by
(QεR)(t) :=
{
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Then the set (QεR)(t) is relatively compact in K since the operator T(ε) is compact in K .





































one see that the set (QR)(t) is relatively compact in K for all t ∈R.
Thus, the Arzela-Ascoli theorem guarantees that Q : KC → KC is a compact operator.
Finally, we prove the set (Q) := {u ∈ KC | u = ηQu,∀ < η < } is bounded. For every
u ∈ KC , by (.) and the condition (H), we have
θ ≤ F(u)(t) = f (t,u(t)) ≤ cu(t) + h(t), t ∈R. (.)
Let u ∈ (Q), then there is a constant η ∈ (, ) such that u = ηQu. Therefore, by the deﬁ-
nition of Q, Lemma ., and (.), we have
θ ≤ u(t) = η(Qu)(t) < (Qu)(t)
= P ◦ F(u)(t)≤ P(cu(t) + h(t)
)
= cPu(t) + Ph(t) < c(P ◦Qu)(t) + Ph(t)
≤ cP(cPu(t) + Ph(t)
)
+ Ph(t)
= cPu(t) + cPh(t) + Ph(t),
inductively, we can see
u(t)≤ cnPnu(t) +Ph(t), n = , , . . . , (.)
where P = cn–Pn + cn–Pn– + · · ·+ cP + P is a bounded linear operator, and there exists a





∥ · ‖u‖C +M‖h‖C . (.)
From the spectral radius of the Gelfand formula limn→∞ n
√‖Pn‖ = r(P) = |ν| , and the con-
dition (H), when n is large enough, we get cn‖Pn‖ < N , then
‖u‖C < M‖h‖C –Ncn‖Pn‖ , (.)
which implies that(Q) is bounded. By the Leray-Schauder ﬁxed point theorem of a com-
pact operator, the operator Q has at least one ﬁxed point u in KC , which is a positive ω-
periodic mild solution of (.). This completes the proof of Theorem .. 
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Proof of Theorem . From the condition (H), it is easy to see that the condition (H)
holds. Hence by Theorem ., (.) has positive ω-periodic mild solutions. Let u,u ∈ KC
be the positive ω-periodic solutions of (.), then they are the ﬁxed points of the operator
Q = P ◦F . Let us assume u ≤ u, by the deﬁnition of F and the condition (H), we see that
F(u)(t) – F(u)(t)≤ c(u(t) – u(t)). So by Lemma ., we obtain




≤ cP(u(t) – u(t)
) ≤ · · · ≤ cnPn(u(t) – u(t)
)
.
By the normality of the cone KC , we can see that
‖u – u‖C ≤Ncn
∥∥Pn
∥∥ · ‖u – u‖C . (.)
From the proof of Theorem ., when n is large enough, Ncn‖Pn‖ < , so ‖u – u‖C = , it
follows that u ≡ u. Thus, (.) has only one positive ω-periodic mild solution. 
4 Application
In this section, we present one example, which indicates how our abstract results can be
applied to concrete problems.







aj(x)Dju + a(x)u (.)
be a uniformly elliptic diﬀerential operator in , whose coeﬃcients aij(x), aj(x) (i, j =
, . . . ,N ) and a(x) are Hölder-continuous on  and a(x) ≥ . We let B = B(x,D) be a
boundary operator on ∂ of the form




where either δ =  and b(x)≡  (Dirichlet boundary operator), or δ =  and b(x)≥  (reg-
ular oblique derivative boundary operator; at this point, we further assume that a(x) ≡ 
or b(x) ≡ ), β is an outward pointing, nowhere tangent vector ﬁeld on ∂.
Let λ be the ﬁrst eigenvalue of elliptic operator A(x,D) under the boundary condition
Bu = . It is well known ([], Theorem .) that λ > .
Under the above assumptions, we discuss the existence and uniqueness of positive time
ω-periodic solutions of the semilinear parabolic boundary value problem
{
∂
∂t u(x, t) +A(x,D)u(x, t) = g(x, t,u(x, t)), (x, t) ∈  ×R,
Bu = , x ∈ ∂, (.)
where g : ×R×R→R is a local Hölder-continuous function which is ω-periodic in t.
Let E = Lp() (p > ), K = {u ∈ E | u(x) ≥  a.e. x ∈ }, then E is an ordered Banach
space, whose positive coneK is a normal regeneration cone. Deﬁne an operatorA :D(A)⊂
E → E by
D(A) =
{
u ∈W ,p() | B(x,D)u = ,x ∈ ∂}, Au = A(x,D)u. (.)
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If a(x) ≥ , then –A generates an exponentially stable analytic semigroup Tp(t) (t ≥ )
in E (see []). By the maximum principle of elliptic operators, we know that (λI +A) has
a positive bounded inverse operator (λI + A)– for λ > , hence Tp(t) (t ≥ ) is a positive
semigroup (see []). From the operatorA has compact resolvent in Lp(), we obtain Tp(t)
(t ≥ ) is also a compact semigroup (see []).
Therefore, by Corollary ., we have the following result.
Theorem. Assume that g :×R×R→R is a local Hölder-continuous function which
is ω-periodic in t and satisﬁes g(x, t,u) ≥  for (x, t,u) ∈ ( × R × R+). If the following
condition holds:
(H) there is a constant c ∈ (,λ) and a function h ∈ Cω( × R) satisfying h(x, t) ≥ 
such that
g(x, t,u)≤ cu + h(x, t), (x, t) ∈  ×R,u≥ ,
then the parabolic boundary value problem (.) has at least one positive ω-periodic solu-
tion u ∈ C,( ×R).
Proof Let u(t) = u(·, t), f (t,u(t)) = g(·, t,u(·, t)), then the parabolic boundary value problem
(.) can be reformulated as the abstract evolution (.) in E. It is easy to see that the
conditions of Corollary . are satisﬁed. By Corollary ., the parabolic boundary value
problem (.) has a time positive ω-periodic mild solution u ∈ Cω(R,E). By the analyticity
of the semigroup Tp(t) (t ≥ ) and the regularization method used in [], we can see that
u ∈ C,(×R) is a classical timeω-periodic solution of the problem (.). This completes
the proof of the theorem. 
From Corollary . and Theorem ., we obtain the uniqueness result.
Theorem. Assume that g :×R×R→R is a local Hölder-continuous function which
is ω-periodic in t and satisﬁes g(x, t,u) ≥  for (x, t,u) ∈ ( × R × R+). If the following
condition holds:
(H) there is a constant c ∈ (,λ) such that for  < v < w
g(x, t,w) – g(x, t, v)≤ c(w – v), (x, t) ∈  ×R,
then the parabolic boundary value problem (.) has a unique positive ω-periodic solution
u ∈ C,( ×R).
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